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Theoretical and phenomenological predictions of BR(KL → (µ+µ−)γ) ∼ 7× 10−13 are presented
for different model form factors FKLγγ∗(Q2). These rates are comparable to existing and near-term
rare KL decay searches at J-PARC and CERN, indicating a discovery of true muonium is possible.
The model uncertainties are sufficiently small that detection of true muonium could discriminate
between the form factor models. Further discussion of potential backgrounds is made.
Lepton universality predicts differences in electron and
muon observables should occur only due to their mass
difference. Measurements of (g − 2)` [1], nuclear charge
radii [2, 3], and rare meson decays [4] have shown hints
of violations to this universality. The bound state of
(µ+µ−), true muonium, presents a unique opportunity
to study lepton universality in and beyond the Standard
Model [5]. To facilitate these studies, efforts are on-going
to improve theoretical predictions [6]. Alas, true muo-
nium remains undetected today.
Since the late 60’s, two broad categories of (µ+µ−) pro-
duction methods have been discussed: particle collisions
(fixed-target and collider) [7], or through rare decays of
mesons [8, 9]. Until recently, none have been attempted
due to the low production rate (∝ α4). Currently, the
Heavy Photon Search (HPS) [10] experiment is search-
ing for true muonium [11] via e−Z → (µ+µ−)X. An-
other fixed-target experiment, but with a proton beam,
DImeson Relativistic Atom Complex (DIRAC) [12] stud-
ies the (pi+pi−) bound state and could look for (µ+µ−)
in a upgraded run [13].
In recent years, a strong focus on rare kaon decays
has developed in the search for new physics. The ex-
isting KOTO experiment at J-PARC [14] and proposed
NA62-KLEVER at CERN [15] hope to achieve sensi-
tivities of BR ∼ 10−13 allowing a 1% measurement of
BR(KL → pi0νν) ∼ 10−11. Malenfant was the first to
propose KL as a source of (µ+µ−) [9]. He estimated
BR(KL → (µ+µ−)γ) ∼ 5 × 10−13 by approximating
FKLγγ∗(Q2 = 4M2µ) ∼ FKLγγ∗(0) where Q2 is the off-
shell photon invariant mass squared. This two-body de-
cay is the reach of rare kaon decay searches and is an
attractive process for discovering (µ+µ−). The decay has
simple kinematics with a single, monochromatic photon
(of Eγ = 203.6 MeV if the KL is at rest) plus (µ+µ−)
which could undergo a two-body dissociate or decay into
two electrons (with M2`` ∼ 4M2µ).
Another motivation for the search for this rare decay
is its unique dependence on the form factor. Previous ex-
tractions of the form factor relied upon radiative Dalitz
decays, KL → `+`−γ, the most recent being from the
KTEV collaboration [16]. In these analyses, the phe-
nomenological form factor is integrated over bins in Q2,
and fit to differential cross section data. In contrast, the
(µ+µ−) branching ratio gives the form factor at one Q2
and fixes one-parameter form factors. Further, a mea-
surement of (µ+µ−) would help to better understand the
kaon form factor through a completely different set of
systematic and statistical uncertainties to the existing
measurements.
In this letter, we present the BR(KL → (µ+µ−)γ)
including full O(α) radiative corrections and four differ-
ent treatments of the form factor FKLγγ∗(Q2), thereby
avoiding Malenfant’s approximation. It is shown that
the approximation underestimates the branching ratio by
a model-dependent 15-60%. Possible discovery channels
are discussed and brief comments on important back-
grounds are made.
Following previous calculations for atomic decays of
mesons [8, 9], the branching ratio can be computed
BR(KL → (µ+µ−)γ)
BR(KL → γγ) =
α4ζ(3)
2 (1− zTM )
3
[
1− 0.439α
pi
]
|f (zTM ) |2 , (1)
where ζ(3) =
∑
n 1/n3 arising from the sum over all al-
lowed (µ+µ−) states, zTM = M2TM/M2K ≈ 4M2µ/M2K ,
and f(z) = FKLγγ∗(z)/FKLγγ∗(0). Previous compu-
tation of radiative corrections considered only the vac-
uum polarization from the flavor found in the final
state [8]. We have computed the full (µ+µ−) results
including the electronic, muonic, and hadronic vacuum
polarization [6] as well as the QED process KL →
γ∗(k) + γ∗(PKL − k)→ γ + TM demonstrated by Fig. 1
where PKL is the four-momentum of the KL. In this
contribution, one should take the convolution of the
QED amplitude with double-virtual-photon form factor
FKLγ∗γ∗(k2/M2K , (PI − k)2/M2K). For our purpose, how-
ever, taking the form factor to be Fγγ∗(0, zTM ) is a suf-
ficient approximation as shown in [17]. A similar cal-
culation for positronium, where other lepton flavors and
hadronic loop corrections are negligible, finds the α
pi
co-
efficient is −52/9.
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FIG. 1. Feynman diagram of KL → γ∗γ∗ → (µ+µ−)γ which
contributes to the branching ratio at O(α5) and is propor-
tional to Fγ∗γ∗(z1, z2)
FKLγγ∗(0) is fixed to the experimental value of
BR(KL → γγ) = 5.47(4) × 10−4 [18]. Evaluating
Eq. (1), we find BR(KL → (µ+µ−)γ) = 5.13(4) ×
10−13|f (zTM ) |2, where the dominant error is from
BR(KL → (µ+µ−)γ), preventing the measurement of
these radiative corrections from this ratio. An improved
value of BR(KL → (µ+µ−)γ) or constructing a differ-
ent ratio, as we do below, can allow sensitivity to these
corrections.
The theoretical predictions for f(z) are computed as
a series expansion to first order in z with slope b. It is
typically decomposed into b = bV + bD. bV arises from
a weak transition from KL → P followed by a strong-
interaction vector interchange P → V γ and concluding
with the vector meson mixing with the off-shell photon.
Here, we denote with P the pseudoscalars (pi0, η, η′) and
with V the vector mesons (ρ, ω, φ). The second term,
bD, arises from the direct weak vertex KL → V γ which
then mixes with γ+γ∗ which requires modeling. Follow-
ing [19], the predictions of bV and bD are divided into
whether nonet or octet symmetry in the light mesons is
assumed.
To compute bV , one integrates out the vector mesons
from the P → V γ vertex and assuming a particular pseu-
doscalar symmetry, the effective Lagrangian is derived
and low energy constants can be used. boctetV = 0 at lead-
ing order due to the cancellation between pi0 and η in
the Gell-Mann-Okubo relation [20, 21]. In the nonet re-
alization, a nonzero contribution coming from η′ yields
bnonetV = rVM2K/M2ρ ∼ 0.46 [22], where rV is a model-
independent parameter depending on the couplings of
each decomposed meson fields in the effective Lagrangian
and are ultimately determined by experimental data.
For bD, the derivation is more complicated and relies
on models. In the naive factorization model (FM) [23],
the dominant contribution to the weak vertex is assumed
to be factorized current×current operators which neglect
the chiral structure of QCD. A free parameter, kF , is
introduced that is related to goodness of the factorized
current approximation. If this factorization was exact,
kF = 1. In this scheme, bnonetD = 2boctetD = 1.41kF . This
model predicts the process KL → pi0γγ as well, and we
use the unweighted average of the two most recent mea-
surements of this process to fix kF = 0.55(6) [24, 25].
In the Bergstro¨m-Masso´-Singer (BMS) model [26], the
direct transition is instead assumed to be dominated by
a weak vector-vector interaction (KL → γ + K∗ → γ +
ρ, ω, φ→ γ + γ∗). BMS further assumes that no ∆I = 12
enhancement occurs. This model produces a complete
form factor:
fγ∗,BMS(z) =
1
1− M2KM2ρ z
+ C αK
∗
1− M2K
M2
K∗
z
(
4
3 −
1
1− M2KM2ρ z
− 19
1
1− M2KM2ω z
− 29
1
1− M2K
M2
φ
z
)
. (2)
The two terms correspond to the vector interchange and
direct transition, respectively. Expanding this expression
in powers of z, we find the BMS model predicts
bBMS =
M2K
M2ρ
− 19C αK∗
(
9M
2
K
M2ρ
+ 2M
2
K
M2φ
+ M
2
K
M2ω
)
=0.41205− 0.509926C αK∗
=bV,BMS + bD,BMS (3)
Under the model assumptions, −αK∗ is theoretically es-
timated to be ∼ 0.2− 0.3 [26]. C = 2.7(4) depends on a
number of other mesonic decay rates [16, 27], and we used
the modern values [18]. The error comes from the exper-
imental uncertainty which is dominated by the two K∗
measurements. BR(K∗ → K0γ) contributes ∆C ∼ 13%
and ΓK∗,tot contributes ∆C ∼ 4% due to a disagreement
between decay modes. This choice of C and αK∗ is con-
sistent with the measured rates for KL → `+`−γ.
D’Ambrosio et. al. advocates the view that bD,BMS
is one of a series of contributions to bD, which should be
summed together with the model-independent bV [19].
They construct another contribution by factorizing the
vector coupling (FMV) similar to FM but first restrict-
ing the Lagrangian to left-handed currents. For the dif-
ferent symmetry realizations, bnonetD = 3.14η ∼ 0.66 and
boctetD = 2.42η ∼ 0.51 where η is a coefficient multiply-
ing the naive weak coupling G8 and like kF is related
to the quality of the factorization assumption. We use
their value of η = gWilson8 /|g8|K→pipi,LO = 0.21. Our
theoretical results are compiled in Table I. These values
disagree outside their error, and a 10% precision mea-
surement would be able to discriminate between them.
This is in contrast to the radiative Dalitz decays, where
the theoretical values are consistent.
The BMS form factor also has been used to phe-
nomenologically fit KL → `+`−γ for both ` =
3TABLE I. Theoretical values of b and BR(KL → (µ+µ−)γ)
for the models considered in this paper.
Model btheory BRTM × 1013
(FM)octet 0.40(4)a 5.90(9)
(FM)nonet 1.24(6)a 7.68(15)
(BMS)nonet 0.76(9) 6.63(20)
(BMS+FMV)octet 0.85(10) 6.82(22)
(BMS+FMV)nonet 1.45(10) 8.16(25)
a Using value of kF = 0.55(6) derived from KL → pi0γγ[24, 25]
e, µ, and C αK∗ is derived from the differential cross
sections of these processes; yielding (CαK∗)e =
−0.517(30)stat(22)sys [16] and (C αK∗)µ = −0.37(7) [16],
which are each input into our prediction for (µ+µ−).
We also consider the D’Ambrosio-Isidori-Portole´s
(DIP) phenomenological Fγ∗γ∗(z1, z2) [28]:
fγ∗γ∗,DIP (z1, z2) = 1 + αDIP
 z1
z1 − M
2
ρ
M2
K
+ z2
z2 − M
2
ρ
M2
K

+ βDIP
z1z2(
z1 − M
2
ρ
M2
K
)(
z2 − M
2
ρ
M2
K
) .
(4)
where z1 = zTM , z2 = 0 for (µ+µ−) production. To set
αDIP , we take the values from KL → e+e−γ, αDIP,e =
−1.729(43)stat(28)sys [16], and from KL → µ+µ−γ,
αDIP,µ = −1.54(10) [16]. Our phenomenological results
are compiled in Table II. Comparing the phenomenologi-
cal form factors, they are indistinguishable within uncer-
tainty in (µ+µ−) production. This is perhaps unsurpris-
ing because they arise from the same underlying data,
but the difference in functional forms could be discrimi-
nated by higher precision data.
TABLE II. Values of |f(zTM )| and BR(KL → (µ+µ−)γ) com-
puted using the phenomenological form factors with parame-
ters set by either radiative KL decay to e or µ.
Model |f(zTM )| BRTM × 1013
BMSeeγ 1.134(6)a 6.60(10)
BMSµµγ 1.119(8) 6.42(11)
DIPeeγ 1.139(6)a 6.66(10)
DIPµµγ 1.124(9) 6.48(12)
a The systematic and statistical errors have been summed
Due to the small value of zPs ≈ 4M2e /M2K , the
branching ratio to positronium, BR(KL → (e+e−)γ) =
9.31(5)× 10−13, is independent of the form factor within
the error of BR(KL → γγ) and slightly larger than
(µ+µ−). While this branching ratio also has not been
measured, one can construct a ratio
R =BR(KL → (µ
+µ−)γ)
BR(KL → (e+e−)γ)
=
(1− zTM )3
(
1− 0.439αpi
) |f(zTM )|2
(1− zPs)3
(
1− 529 αpi
) |f(zPs)|2
=0.55767(2)
∣∣∣∣f(zTM )f(zPs)
∣∣∣∣2, (5)
which is independent of the BR(KL → γγ) uncertainty
and directly measures lepton universality without an un-
certainty due to Q2 binning. By taking the largest and
smallest theoretical values of b to give a gross range, we
predict R = 0.76(14). Applying the same procedure to
the phenomenological form factors yields R = 0.707(9).
We now focus upon the experimental situation.
Throughout, we assume a 10% acceptance. The largest
previous experimental data set that could be used to
study BR(KL → (µ+µ−)γ) is KTEV. We estimate from
the number of events reported for BR(KL → `+`−γ) [16]
that at least 1000 times the luminosity would be re-
quired for just one (µ+µ−) event. From the existing
data, one might expect to place a limit on the order of
BR(KL → (µ+µ−)γ) . 10−9.
The KOTO experiment at J-PARC has reported
3.560(0.013) × 107 KL per 2×1014 protons on tar-
get (POT) [29]. Their 2013 physics run accumulated
1.6×1018 POT [14] which would correspond to 0.015
(µ+µ−) events. Through their 2015 physics run, 20 times
the KL decays have been recorded [14], indicating 0.3
produced (µ+µ−) events and a limit of . 10−11. Un-
fortunately, the KOTO experiment is designed to detect
only photons, and detecting purely photon decay prod-
ucts of (µ+µ−) would be difficult. The J-PARC kaon
beam hopes to run into the 2020s with an additional
flux upgrade so a discovery is quite possible in an exper-
iment with lepton identification. The NA62-KLEVER
proposal [15] for a rare KL beam at CERN hopes to start
by 2026 and accumulate 3×1013 KL over 5 years, which
would also be nearly sufficient for single-event sensitivity.
A few channels are available to measure the branching
ratio of true muonium: dissociated µ+µ− with or without
γ, decayed e+e− with or without γ, or `±γ similar to
SUSY searches with invisible decays [30]. The decay to
pi0γ is suppressed by 10−5 but KOTO can search for it
without modification [31].
For each channel, different backgrounds matter. The
dominant backgrounds will arise from the free decays
KL → `+`−γ. We compute the branching ratio for
this by integrating the differential cross section in an
invariant mass bin, Mbin, around the (µ+µ−) peak to
obtain a background estimate. In the case of elec-
trons, the bin is centered around the (µ+µ−) peak; for
muon final states it is defined as [2mµ, 2mµ + Mbin].
This difference in binning reflects that the muons are
4above threshold. For bin size similar to KTEV, the val-
ues are BR(KL → e+e−γ)bin = 1.2 × 10−8Mbin, and
BR(KL → µ+µ−γ)bin = 5.0 × 10−9Mbin where Mbin is
in MeV. This large raw background (∼ 105× the signal)
will have to be reduced, but it has distinct features com-
pared to true muonium decays which can be leveraged.
The smoothness of the background differential cross
section around the (µ+µ−) peak should allow accurate
modeling from the sidebands. Reconstruction of the KL
allows the energy of the KL to be used to cut on the γ
and leptonic energies. The two two-body decay topol-
ogy suggests cuts on momenta and angular distribution
would be powerful in background suppression. As an ex-
ample, for radiative Dalitz decay the angle θe between
the electrons can be arbitrary, but from the true muo-
nium decay e will have θe ∼ mTM/ETM ∼ 50o × GeVEKL .
This suggests the higher energy of the proposed CERN
beamline would be desirable. Additionally, vertex cuts
can be made using the proper lifetime of true muonium
cτ = 0.5n3 mm, where n is the principal quantum num-
ber. A more rigorous study of backgrounds is planned
for the future.
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